We calculated the vector susceptibilitiy in holographic QCD models to study QCD chiral/deconfinemnt phase transition. We found that the vector susceptibility obtained in this work agrees with the results from various model calculations and lattice QCD. Just above T c χ V from QCD calculations [12, 17, 18] saturate to the value of the free-quark gas faster than what we obtain in this work. We also discuss the chiral phase transitions in AdS/QCD models.
Introduction
There has been much interest in applying the idea of AdS/CFT [1] in strong interaction. After initial set up for N=4 SYM theory, confining theories were treated with IR cut off at the AdS space [2] and flavors [3] were introduced by adding extra probe branes. More phenomenological models were also suggested to construct a holographic model dual to QCD [4, 5, 6, 7] . The finite temperature version of such model were worked out in [8, 9] . However, the meson spectrum of the model does not follow the well known Regge trajectories. To remedy this symptom of the these models, quadratic dilaton background was introduced Ref. [10] whose role is to prevent string going into the deep inside the IR region of AdS space and as a consequence the particle spectrum rise more slowly compared with hard-wall cutoff. Remarkably such a dilaton-induced potential gives exactly the linear trajectory of the meson spectrum. In [11] , it was pointed out that such a dilatonic potential could be motivated by instanton effects.
The susceptibility, which measures the response of QCD to a the change in the chemical potential, was proposed as a probe of the QCD chiral phase transition at zero chemical potential [12, 13] . The lattice QCD calculation [12] showed the enhancement of χ V around T c :
Since then, various model studies [14, 15, 16] and lattice simulations [17, 18, 19] have been performed to calculate the susceptibility. In Ref. [14] , it is shown that the enhancement in χ V may be due to the vanishing or a sudden decrease of the interaction between quarks in the vector channel.
In this work, we calculate the vector susceptibility, χ V , and study QCD chiral/deconfinement phase transition in a holographic QCD model [6, 7, 8, 10] . 1 The rest of the paper goes as follows. In section 2, we briefly summarize the holographic QCD models adopted in the present work. In section 3, we calculate the vector susceptibility and breifly comment on axial-vector susceptibility. In section 4, we calculate the pion velocity and section 5 gives summary.
Holographic QCD at finite temperature
The action of a holographic QCD model [6, 7, 8] , say hard wall model, is given by
where
with τ a being the Pauli matrix. The scalar field is defined by Φ = Se iπ a τ a and < S >≡ 1 2 v(z), where S is a real scalar and π is a pseudoscalar. Under SU(2) V , S and π transform as singlet and triplet. In this model, the 5D AdS space is compactified such that z 0 < z < z m , where z 0 → 0 and z m is a infrared (IR) cutoff. The value of z m is fixed by the rho-meson mass at zero temperature: 1/z m ≃ 320 MeV.
With hard wall model , we consider a case, where the IR cutoff z m exists outside of the horizon, z m < z T .
As in [8] , we work on the 5D AdS-Schwarzchild background, which is known to describe the physics of the finite temperature in dual 4D field theory side,
where i = 1, 2, 3. The equation of motion for v(z) is
and the solution is obtained by [8] 
Here M q and Σ q are identified with the current quark mass and the chiral condensate respectively. In this work, we take the chiral limit (M q = 0). Note that at z = z T , both terms in v(z) diverges logarithmically. To avoid this, the analysis in Ref. [8] is done away from T c : T ≤ 0.8T c . However, we can interpret this feature as the signal of the chiral symmetry restoration in this specific model. This is because, divergence as T → T c (i.e, z T → z m ) requires us to set both of them to be zero:
This is slightly different from real QCD, where current quark mass can be non-zero in the regime T > T c . Forbidden current mass in the chiral symmetric regime is a characteristic feature of the model I.
In [10] , dilaton background was introduced for the Regge behavior of the spectrum and we work mostly in this frame work. We call it soft wall model Model.
where Φ = cz 2 . Here the role of the hard-wall IR cutoff z m is replaced by dilaton-induced potential. The equation of motion for v(z) is given by
We note here that one of two linearly independent solutions of Eq. (8) at zero temperature, where f 2 = 1, diverges as z → ∞, and so we have to discard this solution. Then chiral condensate is simply proportional to M q [10] . Now we check if the problem persists at finite temperature. To this end, we study a solution of Eq. (8) near z T , and we obtain
Again one of the solutions does diverge near z T . Closing this section, we summarize the present status of the two models based on the chiral symmetry. hard wall model incorporates chiral symmetry breaking of QCD succesfully through v(z), and realization of chiral symmetry restoration in terms of v(z) can be done but slightly different from QCD. The scalar sector of soft wall model needs to be improved to correctly incorporate QCD chiral symmetry breaking pattern.
Susceptibilities
In this section, we propose to calculate the vector susceptibility in those models to study QCD chiral/deconfinememt phase transition. The quark number susceptibility was proposed as a probe of the QCD chiral phase transition at zero chemical potential [12, 13] . The flavor singlet and non-singlet susceptibilities, χ S and χ N S respectively, are defined by
where µ i is the chemical potential and n i is the quark number density with i = u, d. Note, however, that χ S ≃ χ N S [12, 17, 18, 19] . In this work, we conisder the flavor non-singlet susceptibility and follow the normalization convention in Ref. [16] . The vector and axial-vector susceptibility χ V (T ) and χ A (T ) for non-singlet currents are given by the 00-component of the vector and axial current-current correlators respectively in the zero energy and zero momentum limit:
where 2N f is included as a normalization factor. The Euclidean correlators at finite temperature are defined by
where ω n = 2nπT is the Matsubara frequency. Now we calculate the susceptibilites in the holographic QCD models.
Vector Susceptibility

Hard wall model
From the quadratic part of the 5d action of hard wall model in Eq. (2), we obtain
where V 0 is zeroth component of the vector field V M with M = 0, 1, 2, 3, z, we solve Eq. (13) in the static-low momentum limit, where we take q 0 → 0 first and then q → 0. The solution is
The constants a 1 and a 2 are fixed by the boundary conditions. While we have to choose V 0 (z) = 1 at the boundary, we have choices at the IR, and the result actually is sensitive to the B.C. First we consider the Neunman boundary condition at the IR:
The limit ǫ → 0 will be taken after calculation. Then the vector susceptibility is given by
where z 0 (→ 0) is a UV cutoff. Since ǫ = 0, Eq. (16) implies that χ V (T ) is zero from T = 0 all the way to T c = 1/(πz m ), which contradicts results from lattice QCD and from various model calculations. What if we take the boundary condition at IR brane to be the Dirichlete condition V 0 (z m ) = h with constant h? In this case we obtain
Since χ V (T ) depends only on T c , we do not get any temperature dependence.
Soft wall model
Now we consider soft wall model. The equation of motion for V 0 in the static-low momentum limit reads
whose solution is given by
We impose the following boundary conditions:
Then we obtain
where g = ∂ z V 0 | z T . The vector susceptibility is given by, Note that n 0 = N f . At high temperature χ v /N f T 2 is saturated to the ideal-gas value, the horizontal solid line. Dashed line is for schematic behavior of χ V near T c taken from lattice calculations [12, 17, 18] .
where 2N f is from our normalization convention. We note here that χ V (T c ) ≈ 1.2T 2 c , where T c is defined by
In Fig. 1 , we plot the vector susceptibility as a function of T /T c , which clearly shows the rapid change of the susceptibility near T c . For comparison we show the schematic behavior of χ V near T c by dashed line read from lattice calculations [12, 17, 18 ]. An interesting observation from Fig. 1 above T c is that χ V from QCD calculations [12, 17, 18] saturate to the value of the free-quark gas faster than what we obtain in the holographic model. This may be understood as follow. In [14] , the enhancement in the susceptibility, Eq. (1), has two sources: one is from temperature dependent constituent quark mass, the other is due to vanishing or rapidly decreasing quark interactions in the vector channel with temperature. In the models at hand, we don't have fermions and so effects from quarks may not be included in the evaluation of the susceptibility. Then the enhancement that we obtained need not to be that drastic compared to QCD results. This interpretation may be too naive, since 5D the vector field in AdS 5 is complicated. It contains towers of Kaluza-Klein modes and possibly includes information on fermions as Skyrmions. For instance, in [5] a baryon in AdS/CFT is realized as the Skyrmion. The observed behavior of the susceptibility in this work may indicate that quarks and gluons just above T c are strongly interacting, sQGP. Now let's estimate the value of c and T c . The masses of the vector mesons are given by 
Comparing the slope of the Regge trajectory in (24) and (25), we find out
and so the dilaton factor becomes e − π 2 σz 2 .
Axial-vector susceptibility
The equation of motion reads
In the chiral limit v(z) becomes zero at the critical temperature T c of the chiral symmetry restoration. Then Eq. (13) and Eq. (27) become identical, implying χ A (T c ) = χ V (T c ). 3 We note here that χ A is nothing but F t π , see Eqs. (16) and (29), up to the normalization factor 2N f .
Pion velocity
In Ref. [8] , the pion velocity v 2 π = F s π (T )/F t π (T ) is calculated in hard wall model near T c (v(z) = 0), and they obtained
and so v π (T c ) = 0. Here the space and time components of F π is given by [6, 8] (
The result v π (T c ) = 0 agrees with [21] , while it is quite different from [22] , where v π (T c ) = 1. The basic difference between [21] and [22] is that in [21] pions are the only relevant degrees of freedom near T c , while in [22] pions and (longitudinal) rho-mesons are the ones. Note that in hard wall model we have pions and rho-mesons, but the interactions were not included and therefore rho-mesons did nothing in the evaluations of the pion velocity. Now we consider v π near T c in soft wall model . The equations of motion for A 0 and A i are
2 Very recently, the precise relation between Tc and zm ( √ c) is obtained through Hawking-Page analysis in the holographic models used in this work, where Tc ≈ 191 MeV [20] . 3 One may turn this statement around and argue that χA(Tc) = χV (Tc) implies v(z) = 0 near Tc.
where we have taken v(z) = 0. Again we impose the following boundary conditions: A 0,i (0) = 1, A 0,i (z T ) = 0. Following the same procedure, we obtain F t π .
(
Here
where b 1 is an integratin constant:
Note that b 1 equals zero due to the divergence near z T , and therefore F s π is zero near T c (without any temperature dependence). From Eq.(31) and Eq.(32), we may conclude that F t π = 0 and F s π = 0, and so the pion velocity is zero near T c . This conclusion may, however, be an artifact of soft wall model due to the IR boundary condition. Namely, near z T , A i diverges like v(z), and so to satisfy the IR boundary condition A i (z T ) = 0 the integration condition b 1 should be zero, leading F s π = 0.
Summary
We calculated the vector susceptibility in holographic QCD models to study QCD chiral/deconfinemnt phase transition. We found that the vector susceptibility obtained in this work agrees with the results from various model calculations and lattice QCD. Just above T c χ V from QCD calculations [12, 17, 18] saturate to the value of the free-quark gas faster than what we obtain in the holographic model. We considered the pion velocity near T c and obtained v π (T c ) = 0 in soft wall model.
